I. INTRODUCTION
In the pseudoscalar meson family, the first nonet is constructed by π, η(548), η ′ (958), and K(494), and then the second nonet appears with the components of π(1300), η(1295), η(1475), and K(1460). As indicated in Ref. [1] , the X(1835) observed in the η ′ π + π − invariant mass spectrum of J/ψ → γη ′ π + π − associated with the η(1760), π(1800), and K(1830) forms the third pseudoscalar meson nonet. By this way, one can categorize well the observed pseudoscalar states into pseudoscalar meson families. Obviously, this is not the end of the whole story.
In 2016, the BESIII Collaboration [2] performed a partial wave analysis of the J/ψ → γφφ decay, by which two isoscalar and pseudoscalar states X(2100) (which was named as η(2100) in Ref. [2] ) and X(2500) were observed with 22σ significance and 8.8σ significance, respectively. In addition, η(2225), which was first reported in Ref. [3] , was confirmed with 28σ significance. Their corresponding resonance parameters were measured as [2] m X(2100) = 2050
Γ X(2100) = 250
m X(2500) = 2470
Γ X(2500) = 230
m η(2225) = 2216
Γ η(2225) = 185 +12+43 −14−17 MeV.
These newly observed X(2100), X(2500), and η(2225) provide us a good chance to construct new pseudoscalar meson nonets with higher radial excitations. Mainly considering this point, in this work, we study whether the newly observed X(2100), X(2500) and η(2225) can be categorized into pseudoscalar meson nonets. First, we perform an analysis of the Regge trajectories, which provides an important hint of how to group these pseudoscalar states into new pseudoscalar meson families. Second, we study their two-body strong decays by the flux-tube model, which can be applied to test the possible assignments. In the following sections, we will give detailed illustrations.
When constructing pseudoscalar meson nonets with higher radial excitations, the corresponding pseudoscalar kaons are still missing in experiment. Thus, as an important theoretical prediction, the masses and decay behaviors of kaons in constructing the nonets will be given, which may provide valuable information for a future experimental search for those kaons. This paper is organized as follows. After the Introduction, we concisely review the research status of the reported pseudoscalar states above 2 GeV in Sec. II. Then, we present a mass spectrum analysis by the approach of the Regge trajectories in Sec. III. The two-body decay behaviors of the discussed pseudoscalar states are given in Sec. IV. The paper ends with the short summary.
II. CONCISE REVIEW OF THE REPORTED PSEUDOSCALAR STATES ABOVE 2 GEV
Before the BESIII's analysis, several isoscalar and pseudoscalar states were reported [1, 2, [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] , which include η(2010), η(2100), η(2190), η(2320), X(2120), and X(2370). However, these states are not listed in summary meson tables of the Particle Data Group (PDG) [14] since they are not confirmed by other experiments. It also means that these states are not established in experiment, either. The η(2010) with mass 2010 +35 −60 MeV and width 270 ± 60 MeV was found by analyzing pp annihilation into ηπ 0 π 0 , π 0 π 0 , ηη, and π − π + [4] . The η(2100) was observed by the DM2 experiment in the radiative decay J/ψ → γρρ [5] . In Ref. [13] , the η(2190) was introduced by studying the data of the radiative decays of J/ψ into the 0 − final states [15] , which has mass 2190 ± 50 MeV and width 850 ± 100 MeV. In Ref. [7] , the authors discussed the possibility of the η(2010) and η(2190) as 4 1 S 0 isoscalar states. The η(2225) was suggested to be a good candidate for the 4 1 S 0 ss state [16] . The η(2100) and η(2225) were treated as the third radial excitations of η and η ′ , respectively, in Ref. [7] . The η(2320) was discovered from the combined analysis of pp → ηηη and pp → ηππ [17] . The X(2120) and X(2370) are two pseudoscalar states observed by BESIII in the invariant mass spectrum of the J/ψ → η ′ π + π − decay [6] . The observation of the X(2120) and X(2370) also stimulated the discussions on pseudoscalar meson, glueball, and hadronic molecular state [1, [8] [9] [10] . In Ref. [9] , the author has studied the mass spectrum of a baryonium with the BetheSalpeter equation [18] [19] [20] [21] [22] , and X(2370) can be identified as a pN (1400) bound state.
Besides the isoscalar and pseudoscalar states mentioned above, there are two isovector and pseudoscalar states π(2360) and π(2070) above 2 GeV, which were observed by the Crystal Barrel experiment, where the partial wave analysis of the decay pp → ηηπ 0 was done [23] . The π(2360) has mass M = 2360 ± 25 MeV and width Γ = 300 [24] . In Ref [7] , the two-body strong decays of π(2070) are calculated by the quark pair creation model assuming π(2070) as π(4S). The π(2360) as π(5 1 S 0 ) was supported by the analysis of Regge trajectories [11] .
From this concise review of the observed pseudoscalar states above 2 GeV, we can learn that the experimental and theoretical studies are still in chaos, especially for the isoscalar and pseudoscalar states. In the following, we try to establish new pseudoscalar meson nonets with higher radial excitations by combining the newly observed X(2100), X(2500), and η(2225) with the pseudoscalar states already reported.
III. MASS SPECTRUM ANALYSIS
In the light pseudoscalar sector, η and η ′ (958) together with π and K can be elements of the lowest meson nonet, while η(1475), η(1295), K(1460), and π(1300) form the meson nonet with the first radial excitation. In Refs. [1, 8, 9, [24] [25] [26] , X(1835), η(1760), K(1830), and π(1800) are depicted as the states with quantum number 3 1 S 0 . What we will discuss in this paper is the third and fourth radial excitations of pseudoscalar mesons.
The Regge trajectory analysis [27, 28] is a practical way to study the mass spectrum [29] [30] [31] [32] of mesons. The relation between mass and the radial quantum number n is
where M 0 and M are the masses of ground state and (n − 1)th radial excitation state, respectively. µ 2 denotes the slope of the trajectory with the value µ 2 = 1.25 ± 0.15 GeV 2 [33] . When we plot the Regge trajectories in Fig. 1 , we notice that π(2070) and π(2360) as well as π, π(1300), and π(1300) populate a common trajectory. For η(4S), the predicted mass by the analysis of Regge trajectories is about 2064 MeV, where η(2010), η(2100), η(2190), X(2100), and X(2120) are its candidates. Similarly, X(2370), η(2225), and X(2500) are candidates for η(5S), η ′ (4S), and η ′ (5S), respectively. The former theoretical studies on the masses of π(4S), η(4S), η ′ (4S), π(5S), η(5S), and η ′ (5S) [7, 11, 24, [33] [34] [35] [36] [37] [38] are consistent with the trajectory analysis in our work.
For the sake of completeness, the kaons with higher radial excitation should appear in the corresponding nonets. However, there is no experimental information about them with quantum numbers 4 1 S 0 and 5 1 S 0 . With the help of diagonalization of the mass squared matrix and Gell-Mann-Okubo mass formula, the following relation is obtained [7] ,
where X describes the SU(3)-breaking ratio of the nonstrange and strange quark propagators via the constituent quark mass ratio m u /m s . The masses of K(4 1 S 0 ) and K(5 1 S 0 ) are predicted to be 2150 and 2414 MeV, respectively, so that we label them as K(2150) and K(2414), respectively. In addition, these two states are approximately located on the trajectory for kaons.
The mass information only is not sufficient to classify the structure of the states mentioned above. So, we study their two-body strong decay in the next section.
IV. TWO-BODY STRONG DECAY BEHAVIORS
A. Brief introduction of the flux-tube model
In this section, we study the strong decay behaviors of the third and fourth radial excited pseudoscalar meson nonets by the flux-tube model [12, [39] [40] [41] [42] [43] . In the following, a brief introduction of this model is given.
The flux-tube model, first proposed by Isgur and Paton, is a useful tool for describing the decay properties of hadrons. It is suggested by the strong coupling limit of the Hamiltonian lattice QCD. In this model, a quark and an antiquark compose a meson and are connected • denotes Regge trajectories theoretical values. ▽ denotes theoretical values from Gell-Mann-Okubo mass formula [7] . And • denotes experimental values.
by a chromoelectric flux tube. Here, the flux tube can be treated as a vibrating string. Figure 2 describes the picture of a meson decay, which happens when the string breaks at a point, and then the free ends of the flux tube for an initial meson (i.e., q i andq i ) connect with the quark-antiquark pair (q C andq C ) created from the vacuum. In this paper, within the frame of the flux-tube model, the expression of a partial wave amplitude is
Here, P is the momentum of a meson B. S and L denote the total spin and relative orbital angular momentum between mesons B and C, respectively. E B is the total energy of a meson B. L a is the orbital angular momentum between a quark and antiquark in a meson a (a = A, B, C). J a is the total spin of a. M La and M Ja are the magnetic quantum numbers corresponding to L a and J a . m 1 and m 2 are quark masses in a meson A; m 3 is the mass of the quark and antiquark created from the vacuum. χ (9) is given as follows,
m2+m3 . The quark pair creation (QPC) model [18] was first proposed by Micu to calculate Okubo-Zweig-Iizuka (OZI) strong decays. In the QPC model, the heavy flavor meson decay occurs through a quark-antiquark pair production from the vacuum, which has the quantum number of the vacuum, i.e., 0 ++ . In the QPC model, the constant γ is used to depict the strength of the quark pair creation from the vacuum. However, in the flux-tube model, γ is not a constant and is given by [44] γ(r,w) = γ 0 e 
In Eq. (9), γ 0 is a new phenomenological parameter, which can be fixed as 14.8 by fitting the experimental data from the PDG (see Table I ). b is the string tension which has the typical value 0.18 GeV 2 , and w min is the shortest distance between the points, where the quarkantiquark pair is created from the vacuum to the segment connecting the original quark and antiquark in an initial state (see Fig. 2 ). The expression of w 2 min reads
(12) Then, one can get the decay width
In order to simplify the calculation, we use the simple harmonic oscillator (SHO) wave function to depict the meson, which reads
with the radial wave function
Here, L
is an associated Laguerre polynomial. The parameter R is determined by reproducing the realistic root mean square radius by solving the Schrödinger equation with the linear potential plus color Coulomb and Gaussian-smeared contact hyperfine term [45] . The R value can be obtained through the relation [46, 47] 
The Φ(r) is the wave function of a certain meson in the potential model [48] . As discussed in Sec. III, η(2010), η(2100), X(2120), and η(2190) can be regarded as the candidates of the third radial excitation of η(548), while η(2225) is the candidate of η ′ (4S). Besides, π(2070) can be a 4
We also analyze the mass of the third radial excitation of the kaon, which is around 2151 MeV and labeled as K(2150) here. In Tables II and III , the decay channels are listed. In the following, we present the strong decay properties of these particles. In Fig. 3 , we show the total and partial decay widths of π(2070) as a 4 1 S 0 state. By comparing our theoretical results with the experimental data, the R value lies in the range 5.55 ∼ 5.81GeV −1 , which is consistent with that in Ref. [24] . ρπ is the dominant decay channel with the width 233 MeV. Here, we choose the typical value of R as 5.65 GeV −1 , by which the center value of the experimental data can be reproduced. KK * and ηa 0 (1450) are two other sizable decay modes, with the widths 18.22 and 14.38 MeV, respectively. The partial widths of ρ(1450)π, ρa 1 (1260), and ρω are very sensitive to the R value due to the node effects.
The R dependence of the decay width of X(2100) is shown in Fig. 4 . We cannot conclude whether or not X(2100) is the η(4S), since the error of the experimental width is too large. From Fig. 4 , we can see that πa 0 (1450) is the dominant channel. So we suggest further experiments to study the property of X(2100) via a πa 0 (1450) decay mode. In addition, we also study the strong decay of η(2010), η(2100), X(2120), and η(2190) under the assignment of the third excitation of η(548). Our results indicate that η(2010), η(2100), and η(2190) as the 4 1 S 0 isoscalar states are unfavored, whereas X(2120) seems plausible as as a candidate of the 4 1 S 0 isoscalar state. As mentioned above, η(2225) is a good candidate of η ′ (4S). The plots of decay widths as functions of R are shown in Fig. 5 . The R value is between 5.01 and 5.32 GeV −1 , which gives an overlap of theoretical and experimental data. The plausible range of R agrees with that in Ref. [10] . The main decay channels are KK * and KK * 0 (1430), which have the partial widths of 147 and 36.67 MeV, respectively. KK * (1410), KK * 2 (1430) and K * K * are highly suppressed due to node effects. The width of the φφ channel is not ignorable, which can naturally explain why η(2225) is observed by BES via J/ψ → γφφ [3] .
For K(2150) with 4 1 S 0 , there is no experimental information at present. Its mass is about 2151 MeV. In Fig.  6 , we show the strong decay width of this state, from which we see that the dominant modes are πK * and ρK. We suggest the experiments to search for K(2150) via these decay channels.
C. Fifth pseudoscalar meson nonet
In the following, we will study the strong decay of the fourth pseudoscalar meson nonet. In Tables II and III, the OZI-allowed decay channels are listed.
π(2360) is a good candidate of the 5 1 S 0 state. In Fig.  7 , we plot the decay width of π(2360) depending on R.
Comparing to the experimental data, we get the value The R dependence of the total decay width and partial two-body decay widths of X(2100) as the third radial excitation of η. The experimental data are marked by the yellow band. Some tiny channels are not drawn. Here, the mixing angle we take is −2.61 The allowed two-body decays of X(2100), η(2225), X(2370), X(2500), π(2070), and π(2360) are marked by √ . Here, ρ, φ, and ω denote ρ(770), φ(1020), and ω(782), respectively.
Modes
Channel
of R lying in the range 5.43 ∼ 5.65 GeV −1 , which is in good agreement with that in Ref. [24] . Its dominant decay channel is ρπ with the width 205 MeV. In addition, other channels such as ρ(1450)π, KK * , ρa 1 (1260), and πf 2 (1270) are also important.
The Regge trajectory analysis shows that X(2370) and η(2320) can be candidates of the fourth radial excitation of η(548). However, our calculation demonstrates that η(2320) cannot be η(5S) since we cannot reproduce the experimental width of η(2320) under this assignment. Under the assignment of η(5S), we can get the width of X(2370) which is shown in Fig. 8 . If choosing R around 5.44 GeV −1 which is similar to Ref. [1] , the theoretical value of the total width is equal to the experimental central value. From Fig. 8 , we can see that the ρρ, KK * , πa 0 (1450), a 0 (980)π(1300), πa 2 (1320), and ρb 1 (1235) channels are important.
According to the mass spectrum analysis, X(2500) is a good candidate of η ′ (5S). In Fig. 9 , we plot the decay width of X(2500) under the assignment of the fourth radial excitation of η ′ (958). The value of R corresponding to the central value of the experimental width falls in the range of 4.98 ∼ 5.32 GeV −1 . Choosing a typical value of R as 5.13 GeV −1 , the dominant decay mode KK * has the width of 154 MeV. Besides, the φφ channel is not ignorable, which can explain why X(2500) is observed in the φφ channel.
As mentioned in Sec. III, the 5 1 S 0 state of the kaon labeled by K(2414) has a mass of 2414 MeV. The strong decay, which is shown in Fig. 10 , is dominated by πK * and ρK. Additionally, πK * (1410), Kφ, Kω, and a 0 (980)K are also important. This results will be helpful to explore K(2414) in experiment. 
and ω(782), respectively.
V. CONCLUSIONS AND DISCUSSION
Inspired by the observed X(2100), X(2500), and η(2225), we have tried to construct new pseudoscalar meson nonets including these states. π, K, η(548), and η ′ (958) belong to the ground state pseudoscalar nonet. As stated in Ref. [49] , π(1300), K(1460), η(1295), and η(1475) form the first radial excitation of the 0 − meson nonet. The π(1800), K(1830), η(1760), and X(1835) are grouped into the third pseudoscalar nonet. In this paper, we have speculated that the fourth and fifth pseudoscalar meson nonets are made by {π(2070), K(2150), η(4S), η(2225)} and {π(2360), K(2414), η(5S), η(2500)}, respectively. Here, the candidates for η(4S) could be η(2010), η(2100), η(2190), X(2120), and X(2100), while η(5S) could be either X(2370) or η(2320). Note that K(2414) and K(2150) are predicted particles by using diagonalization of the mass squared matrix and the Gell-Mann-Okubo mass formula. Our speculation has satisfied the Regge trajectories.
Within this scheme, the strong decay of these states has been studied by the flux-tube model. X(2100) or η(2100) as a 4 1 S 0 state is undetermined since the experimental information is not sufficient. The suggested channel of these two states for further experimental studies is πa 0 (1450). We exclude η(2010) and η(2190) to be the third radial excitation of η(548). X(2120) is a good candidate of η(4S), which agrees with the conclusion in Ref. [1] . In addition, π(2070) and η(2225) can be explained as π(4S) and η ′ (4S). The predicted particle K(2150) is a candidate for K(4S), the dominant channels πK * and ρK of which can be tested in future experiments.
Comparing the theoretical and experimental widths, we find that the candidate for η(5S) cannot be η(2320) but X(2370). The newly observed X(2500) can be interpreted as η ′ (5S). Moreover, we have studied the strong decay of π(2360) assuming the quantum number is 5 1 S 0 , where the calculated width agrees with the experimental one with R around 5.51 GeV −1 . The predicted strange meson K(2414) with quantum number 5 1 S 0 has been also studied. The total width is in the range of 112.1 ∼ 371.8 MeV with R in the range of 5.0 ∼ 5.55 GeV −1 . We have suggested a further experimental search for this state via πK * and ρK channels. We have summarized the arrangement of the mesons in Table IV .
The important information of pseudoscalar states provided by BESIII greatly enriches our knowledge on the light hadron spectra. Further experimental and theoretical efforts will be helpful in establishing new pseudoscalar meson nonets. The predicted behaviors of the discussed states can be tested in the near future, and we would like to have more experimental progress of BESIII and the forthcoming BelleII. 
